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Abstract
(1) Utilizing a Braid group action on a completion of Uq(ŝln+1), an
algebra homomorphism from the toroidal algebra Uq(sln+1,tor) (n ≥ 2)
with fixed parameter to a completion of Uq(ĝln+1) is obtained. (2) The
toroidal actions by Saito induces a level 0 U ′q(ŝln+1) action on level 1
integrable highest weight modules of Uq(ŝln+1). Another level 0 U
′
q(ŝln+1)
action is defined by Jimbo, et al., in the case n = 1. Using the fact that
the intertwiners of Uq(ŝln+1) modules are intertwiners of toroidal modules
for an appropriate comultiplication, the relation between these two level
0 U ′q(ŝln+1) actions is clarified.
I. Introduction
In [1] and [2], a quantum toroidal algebra Uq(sln+1,tor) is introdued. Up to
now several results are obtained on this algebra. In [2] the connection between
toroidal modules and an extension of the double affine Hecke algebra [3] is
noticed and the Schur type duality is obtained. The vertex representations are
constructed on level 1 Uq( ̂gln+1) modules by Saito [4]. In [5], toroidal actions
are shown to be defined on any integrable highest weight module of Uq( ̂gln+1),
using the level - rank duality. Since the toroidal algebra has homomorphic
images of Uq( ̂sln+1) and U ′q( ̂sln+1), Uq( ̂sln+1) and U ′q( ̂sln+1) actions are defined
on toroidal modules. The known U ′q(
̂sln+1) actions obtained in this way have
level 0. (See [6].) Therefore level 0 U ′q(
̂sln+1) actions on Uq( ̂sln+1) modules are
closely related to toroidal modules. In [7][8], the level 1 Uq( ̂sln+1) action on the
fermionic Fock space [9] and the level 0 U ′q(
̂sln+1) action via the affine Hecke
algebra are shown to be combined into a toroidal action. In [10], motivated by
1
[11], a level 0 U ′q(ŝl2) action is defined on level 1 integrable Uq(ŝl2) modules,
utilizing the intertwiners and the representation of the affine Hecke algebra.
In this paper we obtain two results on these problems. In Sect. III, utilizing
a Braid group action on a completion of Uq( ̂sln+1), an algebra homomorphism
from the toroidal algebra Uq(sln+1,tor) (n ≥ 2) with fixed parameter to a com-
pletion of Uq( ̂gln+1) is constructed. (The paramter depends on the central ele-
ment.) This implies that any highest weight module of Uq( ̂gln+1) is a toroidal
module. This result corresponds to the fact that the algebra homomorphism
from Uq( ̂sln+1) to Uq(gln+1) by Jimbo [12] is neatly expressed in terms of the
Braid group action by Lusztig [13]. In sections IV and V, assuming a triangular
decomposition of the toroidal algebra, we consider the level 1 toroidal modules
by Saito. Utilizing the fact that the intertwiners of Uq( ̂sln+1) modules are inter-
twiners of toroidal modules for an appropriate comultiplication, we clarify the
relation between the level 0 U ′q(
̂sln+1) action induced by the toroidal action and
that in [10]. Note that in [11] firstly a Yangian action on level 1 integrable high-
est weight modules of ŝl2 is constructed in terms of the currents and then the
intertwining property of the vertex operators is used. Therefore our approach
is closer to the original one. Clarifying the connection between our results and
[5][7][8] would be interesting.
Near the completion of this work, we found that the new Braid group action
(Proposition 1) is obtained in [14], where it is used in a different manner.
II. Definition of algebras
Let q be an indeterminate and set F = Q(q). Fix n ≥ 2.
Let (aij)1≤i,j≤n be the Cartan matrix of type An and set κij = 1. Let
Uq( ̂sln+1) [15] be the F algebra defined by the generators Ei,m, Fi,m, hi,r, k±1i ,
C±1, D±1 (1 ≤ i ≤ n,m ∈ Z, r ∈ Z \ {0}) and the relations,
C±1central, C±1C∓1 = D±1D∓1 = 1, DXi(z)D
−1 = Xi(z/q) (X = E,F ), (2.1)
k±1i k
∓1
i = 1, Dφ
±
i (z)D
−1 = φ±i (z/q), (2.2)
φ±i (z)φ
±
j (w) = φ
±
j (w)φ
±
i (z), (2.3)
1− q−aijC−1κijz/w
1− qaijC−1κijz/w
φ+i (z)φ
−
j (w) =
1− q−aijCκijz/w
1− qaijCκijz/w
φ−j (w)φ
+
i (z), (2.4)
φ±i (z)Ej(w)φ
±
i (z)
−1 = q∓aij
1− q±aijC−
1
2
∓ 1
2 (κijz/w)
±1
1− q∓aijC−
1
2
∓ 1
2 (κijz/w)±1
Ej(w), (2.5)
φ±i (z)Fj(w)φ
±
i (z)
−1 = q±aij
1− q∓aijC
1
2
∓ 1
2 (κijz/w)
±1
1− q±aijC
1
2
∓ 1
2 (κijz/w)±1
Fj(w), (2.6)
[Ei(z), Fj(w)] =
δij
q − q−1
(
δ(Cw/z)φ−i (z)− δ(Cz/w)φ
+
i (w)
)
, (2.7)
2
qaij (1 − q−aijκijz/w)Ei(z)Ej(w) = (1− q
aijκijz/w)Ej(w)Ei(z), (2.8)
q−aij (1 − qaijκijz/w)Fi(z)Fj(w) = (1− q
−aijκijz/w)Fj(w)Fi(z), (2.9)
For i, j such that aij = −1
Ei(z1)Ei(z2)Ej(w) − (q + q
−1)Ei(z1)Ej(w)Ei(z2) + Ej(w)Ei(z1)Ei(z2) + (z1 ↔ z2) = 0,
(2.10)
Fi(z1)Fi(z2)Fj(w) − (q + q
−1)Fi(z1)Fj(w)Fi(z2) + Fj(w)Fi(z1)Fi(z2) + (z1 ↔ z2) = 0,
(2.11)
For i, j such that aij = 0
[Ei(z), Ej(w)] = 0, [Fi(z), Fj(w)] = 0, (2.12)
where
Ei(z) =
∑
m∈Z
Ei,m/z
m, Fi(z) =
∑
m∈Z
Fi,m/z
m,
φ±i (z) = k
∓1
i exp
(
∓(q − q−1)
∑
r>0
hi,∓rz
±r
)
. (2.13)
As is well known, this algebra is also described by the Chevally generators ei,
fi, k
±1
i (0 ≤ i ≤ n) and D
±1. Later we need its comultiplication ∆0 determined
by
∆0(ei) = ei ⊗ 1 + ki ⊗ ei, ∆0(fi) = fi ⊗ k
−1
i + 1⊗ fi,
∆0(ki) = ki ⊗ ki, ∆0(D) = D ⊗D. (2.14)
Uq( ̂gln+1) [16] is defined to be the F algebra generated by Ei,m, Fi,m, ak,r,
t±1k , C
±1, D±1 (1 ≤ i ≤ n, 1 ≤ k ≤ n+ 1,m ∈ Z, r ∈ Z \ {0}) with the defining
relations (2.1), (2.7–2.12) and the following.
t±1k t
∓1
k = 1, Dψ
±
k (z)D
−1 = ψ±k (z/q), (2.15)
ψ±k (z)ψ
±
l (w) = ψ
±
l (w)ψ
±
k (z), (2.16)
1− q−2C−1z/w
1− C−1z/w
1− q2θ(k>l)C−1z/w
1− q−2θ(k<l)C−1z/w
ψ+k (z)ψ
−
l (w)
=
1− Cz/w
1− q2Cz/w
1− q2θ(k>l)Cz/w
1− q−2θ(k<l)Cz/w
ψ−l (w)ψ
+
k (z), (2.17)
ψ±k (z)Ej(w)ψ
±
k (z)
−1 = q∓bkj
1− q±(k−
1
2
+ 1
2
bkj)C−
1
2
∓ 1
2 (z/w)±1
1− q±(k−
1
2
− 3
2
bkj)C−
1
2
∓ 1
2 (z/w)±1
Ej(w),
(2.18)
ψ±k (z)Fj(w)ψ
±
k (z)
−1 = q±bkj
1− q±(k−
1
2
− 3
2
bkj)C
1
2
∓ 1
2 (z/w)±1
1 − q±(k−
1
2
+ 1
2
bkj)C
1
2
∓ 1
2 (z/w)±1
Fj(w).
(2.19)
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Here bkj = δkj − δk,j+1 and θ(·) is a step function. In eq. (2.7), φ
±
i (z) should
be understood as follows,
φ±i (q
iz) = ψ±i (z)/ψ
±
i+1(z). (2.20)
Let µ ∈ F× and (aij)0≤i,j≤n be the Cartan matrix of type A
(1)
n and set
κij = 1 ((i, j) 6= (n, 0), (0, n)), κn0 = κ
−1
0n = µ. Let Uq,µ(sln+1,tor) [2] be the
F algebra defined by the generators Ei,m, Fi,m, hi,r, k
±1
i , C
±1, D±1 (0 ≤ i ≤
n,m ∈ Z, r ∈ Z \ {0}) and the relations (2.1–2.12). Note that we include only
one scaling element D and its inverse among the generators. Set µ0 = q
n+1.
For µ = (µ0C
2)±1, we also define Uq,(µ0C2)±1(sln+1,tor) similarly. Later we shall
often use p = µ0µ in stead of µ.
Hereafter we shall write U and Uµ for Uq( ̂sln+1) and Uq,µ(sln+1,tor), respec-
tively. We shall identify Uq( ̂sln+1) with the subalgebra of Uq( ̂gln+1) generated
by Ei(z), Fi(z), φ
±
i (z) (1 ≤ i ≤ n), C
±1 and D±1.
III. Homomorphism from U(µ0C2)±1 to a comple-
tion of Uq(
̂gln+1)
3.1 Braid group action on a completion of Uq( ̂sln+1)
For k, l ∈ Z≥0, put
Ukl =
∑
r≥k
s≥l
U−rUUs, (3.1)
where
Ur = {y ∈ U |DyD
−1 = qry}, (r ∈ Z). (3.2)
Then U is a topological algebra which has (Ukl) as a fundamental system of
neighborhoods of the origin and is separated thanks to the triangular decompo-
sition of U [17]. Let us denote its completion by Uˆ .
Let η be a continuous algebra anti-automorphism of Uˆ determined by
Ei(z) 7→ Ei(z
−1), Fi(z) 7→ Fi(z
−1), φ±i (z) 7→ φ
∓
i (Cz
−1)
C±1 7→ C±1, D±1 7→ D±1. (3.3)
Proposition 1 (1) For each i (1 ≤ i ≤ n), there exists a continuous algebra
automorphism Ti : Uˆ → Uˆ determined by
Ei(z) 7→ −Fi(z/Cq
2)φ−i (z/q
2)−1, Fi(z) 7→ −φ
+
i (z/q
2)−1Ei(z/Cq
2),
φ±i (z) 7→ φ
±
i (z/q
2)−1, C±1 7→ C±1, D±1 7→ D±1, (3.4)
4
Ej(z) 7→
∮
du
u
(
Ei(u)Ej(z)− q
1− q−1u/z
1− qu/z
Ej(z)Ei(u)
)
,
Fj(z) 7→
∮
du
u
(
Fj(z)Fi(u)− q
−1 1− qz/u
1− q−1z/u
Fi(u)Fj(z)
)
,
φ±j (z) 7→ φ
±
j (z)φ
±
i (z/q) when aij = −1, (3.5)
Ej(z) 7→ Ej(z), Fj(z) 7→ Fj(z), φ
±
j (z) 7→ φ
±
j (z) when aij = 0.(3.6)
Here
∮
du
u
denotes the operation which picks out the coefficient of u0.
(2) T−1i = η ◦ Ti ◦ η.
(3) Ti’s satisfy the following relations.
TiTjTi = TjTiTj when aij = −1,
TiTj = TjTi when aij = 0. (3.7)
(4) Let W be the Weyl group of sln+1 and si be a reflection with respect
to a simple root αi. For a reduced expression w = si1 · · · sim ∈ W , set Tw =
Ti1 · · ·Tim . If wαk = αl, then
Tw(Xk(z)) = Xl(q
−r/2z) (X = E,F, φ±). (3.8)
Here r is the length of the shortest element(s) of the set {w′ ∈W | w′αk = αl}.
3.2 Homomorphism from U(µ0C2)±1 to a completion of Uq(
̂gln+1)
Similarly to U , we introduce a separated linear topology on Uq( ̂gln+1) and
denote its completion by Uˆq( ̂gln+1). Utilizing the above Braid group action, we
obtain the following theorem.
Theorem 1 Set
E˜ǫ0(z) = −T
ǫ
n · · ·T
ǫ
1E1(zq
ǫ), F˜ ǫ0 (z) = −T
ǫ
n · · ·T
ǫ
1F1(zq
ǫ),
φ˜±,ǫ0 (z) = T
ǫ
n · · ·T
ǫ
1φ
±
1 (zq
ǫ), (ǫ = ±1). (3.9)
For ǫ = ±1, there exists an algebra homomorphism fǫ : U(µ0C2)ǫ → Uˆq(
̂gln+1)
determined by
Ei(z) 7→ Ei(z), Fi(z) 7→ Fi(z), φ
±
i (z) 7→ φ
±
i (z), (1 ≤ i ≤ n),
C 7→ C, D 7→ D,
E0(z) 7→ ψ
+
n+1(z/µǫ)
ǫE˜ǫ0(z)ψ
−
n+1(Cz/µǫ)
−ǫ,
F0(z) 7→ ψ
+
n+1(Cz/µǫ)
−ǫF˜ ǫ0 (z)ψ
−
n+1(z/µǫ)
ǫ,
φ±0 (z) 7→ φ˜
±,ǫ
0 (z)ψ
±
n+1(z/Cµǫ)
ǫψ±n+1(Cz/µǫ)
−ǫ, (3.10)
where µǫ = µ0(µ0C)
ǫ.
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Proof. As an example, we shall check the Serre relation (2.10) with (i, j) =
(0, n) for the case ǫ = 1. Set w = sn · · · s1. Thanks to Proposition 1 (4), we get
T−1w En−1(z/q) = En(z), T
−1
w En(z/q) = −φ˜
+,+
0 (µz/C)E˜
+
0 (µz)φ˜
−,+
0 (µz)
−1
(3.11)
where µ = µ0C
2. Therefore applying T−1w to the Serre relation (2.10) with
(i, j) = (n, n− 1) of Uq( ̂gln+1) and using the relations among ψ±k (z), Ei(z) and
Fi(z), we obtain the desired relation.
Corollary 1 Any highest weight module of Uq( ̂gln+1) on which C acts as C0 ∈
F× is a U(µ0C20)±1 module.
IV. Intertwiners of toroidal modules
4.1 Level 1 toroidal modules by Saito
Hereafter we consider only Uµ (µ ∈ F×). Let V (Λi) (0 ≤ i ≤ n) be the
irreducible highest weight module of U with highest weight Λi and vΛi be its
highest weight vector.
Let B be the F algebra generated by br (r ∈ Z − 0) and D±1 with the
relations
D±1D∓1 = 1, DbrD
−1 = qrbr,
[br, bs] = δr+s,0
[r]2[(n+ 2)r]
r[(n + 1)r]
, (4.1)
where [m] =
qm − q−m
q − q−1
. Let B− denote its Fock space B/I, where I is the
left ideal generated by br (r > 0) and D − 1. For m ≡ j mod n + 1, set
Wm = V (Λj) ⊗ B−. Let αi’s be the simple roots of ̂sln+1 and ( | ) be the
standard symmetric bilinear form on the weight space of ̂sln+1 normalized by
(αi|αj) = aij . Set
ǫk =
(
n∑
i=k
(n+ 1− i)αi −
k−1∑
i=1
iαi
)
/(n+ 1), (1 ≤ k ≤ n+ 1).
For a ∈ F× and 1 ≤ k ≤ n+ 1, let a∂ǫk be a linear operator on Wm such that
a∂ǫk (v ⊗ b) = a(ǫk|ν)+
m
n+1 v ⊗ b, where v is a weight vector with weight ν. Then
Wm is a Uq( ̂gln+1) module by the map
Ei(z) 7→ Ei(z)⊗ 1, Fi(z) 7→ Fi(z)⊗ 1,
ψ±k (z) 7→ q
∓∂ǫk exp
(
∓(q − q−1)
∑
r>0
aˆk,∓rz
±r
)
,
C 7→ q, D 7→ D ⊗D, (4.2)
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where aˆk,r = a¯k,r ⊗ 1 + 1⊗ br with
a¯k,r =
1
[(n+ 1)r]
(
n∑
i=k
[(n+ 1− i)r]hi,r − q
−(n+1)r
k−1∑
i=1
[ir]hi,r
)
. (4.3)
The results by Saito [4] on level 1 toroidal modules can be stated as follows.
Proposition 2 Set a = (−1)n−1qn.
(1) For ǫ = ±1, the U module structure on V (Λj) (0 ≤ j ≤ n) is extended
to a Uµǫ
0
module structure by
E0(z) = aE˜
ǫ
0(z), F0(z) = a
−1F˜ ǫ0 (z), φ
±
0 (z) = φ˜
±,ǫ
0 (z). (4.4)
(2) Letting αr (r 6= 0) be the elements of F× such that
αrα−r =
µr + µ−r − µr0 − µ
−r
0
(qr − q−r)(qrµr0 − q
−rµ−r0 )
, (4.5)
set
X±(z) = exp
(
∓(q − q−1)
∑
r>0
x∓rz
±r
)
,
xr = (qµ
2
0)
r (µ/µ0)
r − 1
q2r − 1
a¯n+1,r ⊗ 1 + αr1⊗ br. (4.6)
Then the U module structure on Wm is extended to a Uµ module structure by
E0(z) = aX
+(z)(E˜+0 (z)⊗ 1)X
−(qz)−1(µ0/µ)
∂ǫn+1 ,
F0(z) = a
−1(µ/µ0)
∂ǫn+1X+(qz)−1(F˜+0 (z)⊗ 1)X
−(z),
φ±0 (z) =
X±(q−1z)
X±(qz)
(φ˜±,+0 (z)⊗ 1). (4.7)
We have chosen the above normalization of E0(z) and F0(z) for a later conve-
nience. Note that in the case µ = µ0q
2 the above result coincides with Theorem
1.
4.2 Level 0 toroidal modules
Set V = Fn+1 and let v1, · · · , vn+1 be its canonical basis. V [x, x−1] is a U
module by the following.
Ei(q
iz) = δ(z/x)Ei i+1, Fi(q
iz) = δ(z/x)Ei+1 i,
7
φ+i (q
iz) =
∑
k 6=i,i+1
Ekk + q
−1 1− q
2z/x
1− z/x
Eii + q
1− q−2z/x
1− z/x
Ei+1 i+1,
φ−i (q
iz) =
∑
k 6=i,i+1
Ekk + q
1− q−2x/z
1− x/z
Eii + q
−1 1− q
2x/z
1− x/z
Ei+1 i+1,
(1 ≤ i ≤ n),
C±1 = 1, D±1 = q±ϑ. (4.8)
Here Eij ’s are matrix units, δ(z) =
∑
m∈Z z
m, x acts as the multiplication,
and for a ∈ F× and v(x) ∈ V [x, x−1], aϑv(x) = v(ax). We shall denote this
representation by (π, Vx).
Set p = µ0µ. The U module structure on Vx is extended to a Uµ structure
[2] by
E0(z) = ap
ϑδ(z/x)En+1 1, F0(z) = a
−1δ(z/x)E1n+1p
−ϑ,
φ+0 (z) =
∑
k 6=1,n+1
Ekk + q
−1 1− q
2z/px
1− z/px
En+1n+1 + q
1− q−2z/x
1− z/x
E11,
φ−0 (z) =
∑
k 6=1,n+1
Ekk + q
1− q−2px/z
1− px/z
En+1n+1 + q
−1 1− q
2x/z
1− x/z
E11,
(4.9)
where a ∈ F×. We shall denote this representation by (πa, Va).
4.3 Bialgebra structure of Uµ
In this subsection, fixing µ ∈ F×, we omit the subscript µ of Uµ. Define Ur
(r ∈ Z) similarly to Ur. We assume the following.
Assumption 1 (1) U is identified with the subalgebra of U generated by Ei(z),
Fi(z), φ
±
i (z) (1 ≤ i ≤ n), C
±1 and D±1 by the algebra homomorphism from U
to U determined by
Ei(z) 7→ Ei(z), Fi(z) 7→ Fi(z), φ
±
i (z) 7→ φ
±
i (z) C 7→ C, D 7→ D.
(4.10)
(2) U has subalgebras U−, U0 and U+ such that the multiplication map
U− ⊗ U0 ⊗ U+ → U is an isomorphism of vector spaces and
U± ⊂ U± = ⊕r≥0U
± ∩ U±r, U
0 ⊂ U0 ⊂ U0, (4.11)
where U+, U− and U0 are the subalgebras of U generated by ei (0 ≤ i ≤ n), fi
(0 ≤ i ≤ n), and k±1i (0 ≤ i ≤ n) and D
±1, respectively.
For r ∈ Z setting
U⊗N r = {y ∈ U⊗N | D⊗Ny(D⊗N )−1 = qry}, (4.12)
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define U⊗Nkl similarly to Ukl. We introduce a linear topology on U⊗N by letting
(U⊗N 0l)l≥0 be a fundamental system of neighborhoods of the origin. (Hereafter
we shall simply say ‘introduce a linear topology by (U⊗N 0l)’.) Then U
⊗N is
a separated topological algebra. We denote its completion by Uˆ (N = 1) and
U ⊗ˆN (N ≥ 2). Note that for N ≥ 2, the topology on U⊗N is equivalent to the
tensor product topology.
Let ∆¯I and ∆¯II be the continuous algebra homomorphism from Uˆ to U⊗ˆU
determined by
∆¯I(C) = ∆¯II(C) = C ⊗ C, ∆¯I(D) = ∆¯II(D) = D ⊗D,
∆¯I(φ
+
i (z)) = φ
+
i (z/C2)⊗ φ
+
i (z), ∆¯I(φ
−
i (z)) = φ
−
i (z)⊗ φ
−
i (z/C1),
∆¯I(Ei(z)) = Ei(z)⊗ 1 + φ
−
i (z)⊗ Ei(z/C1), ∆¯I(Fi(z)) = 1⊗ Fi(z) + Fi(z/C2)⊗ φ
+
i (z),
∆¯II(φ
+
i (z)) = φ
+
i (z/C2)⊗ φ
+
i (z), ∆¯II(φ
−
i (z)) = φ
−
i (z)⊗ φ
−
i (z/C1),
∆¯II(Ei(z)) = Ei(z)⊗ 1 + φ
+
i (Cz)⊗ Ei(C1z), ∆¯II(Fi(z)) = 1⊗ Fi(z) + Fi(C2z)⊗ φ
−
i (Cz),
(4.13)
where C1 = C⊗1 and C2 = 1⊗C. Let further ǫ : Uˆ → F denote the continuous
algebra homomorphism determined by
ǫ(Ei(z)) = ǫ(Fi(z)) = 0, ǫ(φ
±
i (z)) = ǫ(C) = ǫ(D) = 1. (4.14)
Here F is given a discrete topology. Then (Uˆ , ∆¯i, ǫ) (i = I, II) are bialgebras.
These are straightforward generalizations of the bialgebra structures found by
Drinfeld for Uˆ . Let R = R+R0R− be the Gauss decomposition of the universal
R matrix of U with ∆0 as a comultiplication [18]. Letting
FI = R
−, FII = σ(R
+)−1, (σ(a⊗ b) = b⊗ a), (4.15)
set
∆i(·) = F
−1
i ∆¯i(·)Fi, (i = I, II). (4.16)
It is known [18] that ∆I(y) = ∆II(y) = ∆0(y) for y ∈ U and that (Uˆ ,∆i, ǫ)
(i = I, II) are bialgebras. Set ∆opI = σ ◦ ∆I and F
op
I = σ(FI). For (∆,F) =
(∆opI ,F
op
I ), (∆II,FII), etc., we define ∆
(N) : Uˆ → U ⊗ˆN+1 (N ≥ 1) by
∆(1) = ∆, ∆(N) = (∆⊗ˆ1⊗ˆN−1) ◦∆(N−1) (N ≥ 2). (4.17)
and F (N) ∈ U ⊗ˆN (N ≥ 2) by
F (2) = F , F (N) = (F (2))12(∆
op
I ⊗ˆ1
⊗ˆN−2)F (N−1), (N ≥ 3). (4.18)
Then the following holds.
∆(N−1)(y) = F (N)−1∆¯(N−1)(y)F (N), (y ∈ U). (4.19)
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Later we need the following property of FopI and FII [18]. Set U
≥0 = U0U+
and U≤0 = U−U0. Set further Q¯ = ⊕ni=1Zαi, Q¯+ = −Q¯− = ⊕
n
i=1Z≥0αi \ {0}
and δ =
∑n
i=0 αi. For m ∈ Z and λ ∈ Q¯, define
Uamδ+λ = {y ∈ U
a | DyD−1 = qmy, kiyk
−1
i = q
(αi|λ)y, (1 ≤ i ≤ n)},
where a =≥ 0, ≤ 0. LetM± be the closure of
∑
m≥0
∑
λ∈Q¯±
U≤0−(mδ+λ)⊗U
≥0
mδ+λ.
Then
FopI − 1 ∈M−, FII − 1 ∈M+. (4.20)
For N ≥ 2 and m ≥ 0, set
U⊗N [m] =
∑∑
N
i=2
(i−1)mi≥m
U ⊗ Um2 ⊗ · · · ⊗ UmN . (4.21)
Let U˜⊗N (N ≥ 2) be the F algebra U⊗N on which a linear topology is introduced
by (U⊗N [m]). Then U˜⊗N is a separated topological algebra. We denote its
completion by
̂˜
U⊗N .
Lemma 1 (1) Let τ be the identity map from U˜⊗N to U⊗N . Let further
τˆ :
̂˜
U⊗N → U ⊗ˆN be the continuous extension of the continuous algebra ho-
momorphism τ . Then τˆ is injective.
(2) If we identify
̂˜
U⊗N with a subalgebra of U ⊗ˆN via the map τˆ , then the
following holds.
∆
op(N−1)
I (U) ⊂
̂˜
U⊗N , ∆
(N−1)
II (U) ⊂
̂˜
U⊗N . (4.22)
Proof. (1) For l ∈ Z≥0, set
Ml =
∑∑
li=l
U−⊗N ⊗ U0⊗N ⊗ U+l1 ⊗ · · · ⊗ U
+
lN
. (4.23)
Under the identification of U⊗N with U−⊗N ⊗ U0⊗N ⊗ U+⊗N , the following
holds.
U⊗N [m] = ⊕l
(
U⊗N [m] ∩Ml
)
, U⊗N0m = ⊕l≥mMl. (4.24)
From this, we obtain
∩0l
(
U⊗N [m] + U⊗N0l
)
= U⊗N [m]. (4.25)
Utilizing the last equality, it is easy to show that any Cauchy sequence in U˜⊗N
which converges to 0 in U ⊗ˆN converges to 0 in
̂˜
U⊗N .
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(2) The claim can be easily checked for ∆¯opI and ∆¯II. Since thanks to (4.20)
F
op(N)
I , F
(N)
II ∈
̂˜
U⊗N , we obtain the claim.
Let Wi (1 ≤ i ≤ N) be U modules such that
Wi = ⊕m∈ZWi,m, Wi,m = {w ∈ Wi | Dw = q
mw}, (4.26)
and set W =W1 ⊗ · · · ⊗WN . For m ∈ Z setting
W [m] =
∑∑
N
i=2
(i−1)mi≥m
W1 ⊗W2,m2 ⊗ · · · ⊗WN,mN , (4.27)
introduce a separated linear topology onW by (W [m]). Then Wˆ, the completion
of W , is a topological
̂˜
U⊗N module. Therefore, thanks to Lemma 1, Wˆ is a U
module via the comultiplication ∆opI or ∆II. Note that Wˆ = W in the case
N = 2 and WN,m = {0} (m≫ 0).
4.4 Intertwiners of toroidal modules
Let Φ(j) and Ψ(j) (0 ≤ j ≤ n) denote the intertwiners of U modules determined
by
Φ(j) : V (Λj)⊗ Vx → V (Λj+1), Ψ
(j) : Vx ⊗ V (Λj)→ V (Λj+1),
Φ(j)(vΛj ⊗ vj+1) = vΛj+1 , Ψ
(j)(vj+1 ⊗ vΛj ) = vΛj+1 , (4.28)
where V (Λj)⊗ Vx and Vx ⊗ V (Λj) are U modules via the comultiplication ∆0
and Λn+1 should be understood as Λ0.
As usual we define their components by
Φ
(j)
k,mu = Φ
(j)(u⊗ vkx
m), Ψ
(j)
k,mu = Ψ
(j)(vkx
m ⊗ u), (4.29)
and set
Φ
(j)
k (z) =
∑
m∈Z
Φ
(j)
k,mz
−m, Ψ
(j)
k (z) =
∑
m∈Z
Ψ
(j)
k,mz
−m. (4.30)
Proposition 3 For m ∈ Z, set am = q2m. In the following, give V (Λj) ⊗ Va
and Wm ⊗ Va (resp. Va ⊗ V (Λj) and Va ⊗Wm) toroidal module structures via
the comultiplication ∆I (resp. ∆II).
(1) For 0 ≤ j ≤ n, Φ(j) : V (Λj)⊗ Vaj → V (Λj+1) and Ψ
(j) : Vaj ⊗V (Λj)→
V (Λj+1) are intertwiners of Uµ0 modules.
(2) Let p = µ0µ 6= 1. Setting
Y ±(z) = exp
(
∓(q − q−1)
∑
r>0
p
r±r
2
1− pr
α∓rb∓rz
±r
)
, (4.31)
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put
Ξ(z) = Y +(qz)Y −(z), Σ(z) = Y +(z)Y −(qz). (4.32)
For m = (n+ 1)s+ j (s ∈ Z, 0 ≤ j ≤ n), define Φ˜(m) : Wm ⊗ Vam/ps → Wm+1
and Ψ˜(m) : Vam/ps ⊗Wm →Wm+1 by the generating series
Φ˜
(m)
k (z) = Φ
(j)
k (z)⊗ Ξ(z) and Ψ˜
(m)
k (z) = Ψ
(j)
k (z)⊗ Σ(z), (4.33)
respectively. Here Φ˜
(m)
k (z) and Ψ˜
(m)
k (z) are defined similarly to Φ
(j)
k (z) and
Ψ
(j)
k (z). Then Φ˜
(m) and Ψ˜(m) are intertwiners of Uµ modules.
Proof. We consider the case Φ˜(m). Give Wm ⊗ Va (resp. V (Λj) ⊗ Vx) a Uµ
(resp. U) module structure via the comultiplication ∆¯I. Set Φˇ
(m) = Φ˜(m)F−1I
and Φ¯(j) = Φ(j)F−1I . Then Φˇ
(m)
k (z) = Φ¯
(j)
k (z) ⊗ Ξ(z). Utilizing the explicit
expression of the intertwiner Φ¯(j) : V (Λj) ⊗ Vx → V (Λj+1) in terms of bosons
[19], it is straightforward to show Φˇ(m) :Wm⊗Vam/ps →Wm+1 is an intertwiner
of Uµ modules. The claim follows from this.
V. Two level 0 U ′q(
̂sln+1) actions
5.1 Completions of V ⊗Nx
Following [10], we introduce two completions of V ⊗Nx and the maps from them
to WN .
For m ∈ Z, let VN [m] signify V
⊗N
x [m] in subsection 4.3 and set
VN [[m]] = span{vǫ1x
m1 ⊗ · · · vǫNx
mN | max{m1, · · · ,mN} ≥ m}. (5.1)
Introduce two linear topologies on the vector space V ⊗Nx by (VN [m]) and by
(VN [[m]]). We denote the thus obtained separated topological vector spaces by
V ′N and VN , respectively, and let Vˆ
′
N and VˆN signify their completions. Let ιN
be the identity map from V ′N to VN . Let further ιˆN : Vˆ
′
N → VˆN denote the
continuous extension of the continuous linear map ιN . (This map is shown to
be injetive as in Lemma 1.) Note that our completions are a little bit different
from those in [10].
Set
vǫ1,···,ǫN (z1, · · · , zN ) =
∑
mi
vǫ1x
m1 ⊗ · · · ⊗ vǫNx
mN z−m11 · · · z
−mN
N . (5.2)
LetN ′N (resp. NN ) be the closure in Vˆ
′
N (resp. VˆN ) of the span of the coefficients
of the following generating series,
v···,ǫi,ǫi+1,···(· · · , zi, zi+1, · · ·)− (1− q
2)
(zi/zi+1)
θ(ǫi<ǫi+1)
1− q2zi/zi+1
v···,ǫi,ǫi+1,···(· · · , zi+1, zi, · · ·)
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+q
1− zi/zi+1
1− q2zi/zi+1
v···,ǫi+1,ǫi,···(· · · , zi+1, zi, · · ·), (ǫi 6= ǫi+1),
v···,ǫi,ǫi+1,···(· · · , zi, zi+1, · · ·) + q
2 1− q
−2zi/zi+1
1− q2zi/zi+1
v···,ǫi+1,ǫi,···(· · · , zi+1, zi, · · ·),
(ǫi = ǫi+1), (5.3)
where 1 ≤ i ≤ N − 1. Then NN = ιˆN (N ′N ).
Give WN a discrete topology. Set |0〉 = vΛ0 ⊗ 1 ∈ W0. Let ρ
′
N : V
′
N → WN
and ρN : VN → WN be the linear maps defined by
vǫ1,···,ǫN (z1, · · · , zN) 7→ Φ˜
(N−1)
ǫ1 (z1) · · · Φ˜
(0)
ǫN (zN )|0〉
∏
0≤k≤N−1
zskN−k/
∏
i<j
η(zj/zi),
(5.4)
where sk is the integer part of k/(n+ 1) and
η(z) =
(q2pz; p)∞
(pz; p)∞
, (z; p)∞ =
∞∏
m=0
(1 − pmz). (5.5)
Thanks to the commutation relations among the intertwiners Φ˜(m), both maps
ρ′N and ρN are continuous and extend to the continuous linear maps ρˆ
′
N : Vˆ
′
N →
WN and ρˆN : VˆN → WN , respectively. Moreover the latter maps induce ρ˜′N :
Vˆ ′N/N
′
N →WN and ρ˜N : VˆN/NN →WN .
5.2 Level 0 U ′q(
̂sln+1) actions by Jimbo, et al.
Let U ′q(
̂sln+1) be the subalgebra of Uq( ̂sln+1) generated by ei, fi and k±1i (0 ≤
i ≤ n). Set U ′c=0 = U
′
q(
̂sln+1)/ < k0 · · · kn− 1 > and give this algebra a discrete
topology. VˆN is given a topological U ′c=0 module structure by the map
e0 7→ q
N−1
N∑
j=1
Yˆ −1j 1
⊗j−1 ⊗ En+1,1 ⊗ (q
En+1,n+1−E1,1)⊗N−j ,
f0 7→ q
−(N−1)
N∑
j=1
Yˆj(q
E1,1−En+1,n+1)⊗j−1 ⊗ E1,n+1 ⊗ 1
⊗N−j,
k0 7→ (q
En+1,n+1−E1,1)⊗N ,
y 7→ (π ⊗ · · · ⊗ π)∆
op(N−1)
0 (y), y = ei, fi, ki, (1 ≤ i ≤ n) (5.6)
where Yˆ ±1j is a continuous linear operator on VˆN defined via the action of the
affine Hecke algebra on Laurent polynomials. See [10] for further details. It is
further shown that the above U ′c=0 action on VˆN induces the U
′
c=0 action on
VˆN/NN .
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In the case µ = µ0, we replace Φ˜
(m) and WN by Φ
(i) and V (Λj) (i ≡ m,
j ≡ N mod n + 1) in (5.4). We denote the thus obtained maps by the same
letters ρ′N , etc.. Set Vˆ = ⊕N≥1VˆN and H = ⊕
n
j=0V (Λj). Let ρˆ : Vˆ → H signify
the surjective linear map obtained from ρˆN ’s. In [10], by showing that Kerρˆ is
U ′c=0 invariant, a U
′
c=0 action is defined on H so that ρˆ is a homomorphism of
U ′c=0 modules.
5.3 Level 0 U ′q(
̂sln+1) actions induced by the toroidal ac-
tions
Let SN : Vˆ ′N → Vˆ
′
N be the homeomorphic linear map defined by
vǫ1,···,ǫN (z1, · · · zN ) 7→ vǫ1,···,ǫN (z1, · · · zN )/
∏
i<j
η(zj/zi). (5.7)
Let us define σN : Uµ → EndF (Vˆ ′N ) by
σN (y) = S
−1
N ◦ (πaN−1⊗ˆ · · · ⊗ˆπa0)∆
op
I
(N−1)(y) ◦ SN , y ∈ Uµ. (5.8)
Then thanks to Lemma 1, Vˆ ′N is a Uµ module by the map σN . (Utilizing Lemma
A.3 and (4.19), N ′N is shown to be Uµ invariant.)
The Uµ modules Vˆ ′N and WN are topological U
′
c=0 modules via the algebra
homomorphism from U ′q(
̂sln+1) to Uµ determined by ei 7→ Ei,0, fi 7→ Fi,0,
ki 7→ ki. For these two U ′c=0 modules, we have the following.
Proposition 4 The map ρˆ′N : Vˆ
′
N →WN is a homomorphism of U
′
c=0 modules.
Proof. Set Φ˜op(m) = Φ˜(m) ◦ σ, (σ(v ⊗w) = w⊗ v). The linear map 1⊗N−m−1 ⊗
Φ˜op(m) : VaN−1/psN−1⊗· · ·⊗Vam/psm⊗Wm → VaN−1/psN−1⊗· · ·⊗Vam+1/psm+1 ⊗
Wm+1 extends to the map between the completions and the latter map is shown
to be an intertwiner of Uµ modules. LetF (N) = F
op(N)
I . From (1
⊗ˆN ⊗ˆǫ)F (N+1) =
F (N) and (4.20), we get F (N+1)±1(u⊗|0〉) = (F (N)±1u)⊗|0〉, (u ∈ Vˆ ′N). More-
over E0,m|0〉 = F0,m|0〉 = 0 (m ≥ 0) and φ
±
0 (z)|0〉 = |0〉. Hence the contin-
uous map from Vˆ ′N to the completion of VaN−1 ⊗ · · · ⊗ Va0 ⊗ W0 defined by
u 7→ SN (u)⊗ |0〉 is U ′c=0 linear. From these we obtain the claim.
5.4 Relation between two level 0 U ′q(
̂sln+1) actions
Lemma 2 Let XN denote the span of the vectors vǫ1x
m1 ⊗ · · · ⊗ vǫNx
mN (ǫ1 ≤
· · · ≤ ǫN ,mi ∈ Z). Then XN +N ′N/N
′
N is dense in Vˆ
′
N/N
′
N .
Proof. It is sufficient to show Vˆ ′N = XN +N
′
N . Therefore the claim follows if
we show the following.
vǫ1x
m1 ⊗ · · · ⊗ vǫNx
mN ∈ XN +N ′N . (5.9)
14
Let ǫi < ǫi+1 and YN be the the span of the coefficients of v···,ǫi,ǫi+1,···(· · · , zi, zi+1, · · ·).
Equation (5.3) implies that the coefficients of
(1 − (zi/zi+1)
m)v···,ǫi+1,ǫi,···(· · · , zi+1, zi, · · ·)
belong to YN+N ′N for any integerm. Hence the coefficients of v···,ǫi+1,ǫi,···(· · · , zi+1, zi, · · ·)
belong to YN +N ′N . Using the last argument repeatedly, we can show (5.9).
Lemma 3 Let ι˜N : Vˆ ′N/N
′
N → VˆN/NN be the map induced by ιˆN . For ǫ1 ≤
· · · ≤ ǫN and y = ei, fi, k
±1
i (0 ≤ i ≤ n), the following holds.
ι˜N (yvǫ1,···,ǫN (z1, · · · , zN )) = yι˜N (vǫ1,···,ǫN (z1, · · · , zN )). (5.10)
Proof. The above equality clearly holds except for e0 and f0. The case e0 is
shown in Appendix A and the case f0 is similarly proven.
Since ι˜N is continuous, the above two lemmas prove the following proposi-
tion.
Proposition 5 The map ι˜N : Vˆ ′N/N
′
N → VˆN/NN is a homomorphism of U
′
c=0
modules.
From Propositions 4 and 5, we can show the following.
Theorem 2 The map ρˆN : VˆN →WN is a homomorphism of U
′
c=0 modules.
Proof. Since ρ˜N ◦ ι˜N = ρ˜
′
N , ρ˜N (yw) = yρ˜N (w) for y ∈ U
′
c=0 and w ∈ Im ι˜N .
Im ι˜N is dense in VˆN/NN ; VˆN/NN and WN are separated topological U ′c=0
modules; ρ˜N is continuous. Therefore ρ˜N is a homomorphism of U
′
c=0 modules.
From Proposition 3 (1), we obtain the following.
Corollary 2 In the case µ = µ0 (p = µ
2
0), the map ρˆ : Vˆ → H = ⊕
n
j=0V (Λj)
defined in subsection 5.2 is a surjective homomorphism of U ′c=0 modules.
Appendix A. Proof of Lemma 3
The following is immediate. See [10] for (3) and (4).
Lemma A.1 For I ⊂ {1, · · ·N}, let KI be the set of generating series
w(z1, · · · zN ) =
∑
wm1,···,mN z
−m1
1 · · · z
−mN
N such that wm1,···,mN ∈ VN [[M ]],
where M = max{mi}i∈I . For I ⊂ {1, · · ·N} and k ∈ {1, · · · , N}, let AI,k
denote the algebra of formal power series in the variables zi/zk (i ∈ I \ {k}).
(1) AI,kKI ⊂ KI\{k}. Moreover AI,k acts on KI when k /∈ I.
15
(2) Let i, j ∈ I, k ∈ {1, · · · , N} \ I and w ∈ KI. Let further f(z) and g(z)
be formal power series in z. Then for (x, y) = (zi/zj, zi/zk) and (zi/zj, zj/zk),
the following holds.
f(x)(g(y)w) = g(y)(f(x)w) = (f(x)g(y))w.
(3) Let Kij be the operator which interchanges zi and zj, and set ξij = q
−1 +
(q − q−1)
zj
zi − zj
(Kij − 1). Then ξ
±1
ij KI ⊂ KI if i, j ∈ I.
(4) Let i, j ∈ I and k ∈ {1, · · · , N}\I. If f ∈ AI,k satisfies fξij = ξijf when
acted on Laurent polynomials in zl (1 ≤ l ≤ N), then fξij |KI = ξijf |KI .
Lemma A.2 Let L be the set of generating series
w(z1, · · · zN ) =
∑
wm1,···,mN z
−m1
1 · · · z
−mN
N such that wm1,···,mN ∈ VN [M ],
where M =
∑N
i=2(i− 1)mi.
(1) Let B be the algebra of formal power series in the variables zi+1/zi
(1 ≤ i < N). Then B acts on L.
(2) Set uǫ1,···,ǫN (z1, · · · , zN) = F
op(N)
I
−1vǫ1,···,ǫN (z1, · · · , zN).
Then uǫ1,···,ǫN (z1, · · · , zN ) ∈ L for any ǫi and uǫ1,···,ǫN (z1, · · · , zN ) = vǫ1,···,ǫN (z1, · · · , zN )
when ǫ1 ≤ · · · ≤ ǫN .
Proof. (1) is immediate. (2) follow from (4.20).
Lemma A.3 Let N ′N
F be the closure in Vˆ ′N of the span of the coefficients of
the following generating series,
v···,ǫi,ǫi+1,···(· · · , zi, zi+1, · · ·) + q
1− zi/zi+1
1− q2zi/zi+1
v···,ǫi+1,ǫi,···(· · · , zi+1, zi, · · ·),
(ǫi < ǫi+1),
v···,ǫi,ǫi+1,···(· · · , zi, zi+1, · · ·) + q
2 1− q
−2zi/zi+1
1− q2zi/zi+1
v···,ǫi+1,ǫi,···(· · · , zi+1, zi, · · ·),
(ǫi = ǫi+1), (A1)
where 1 ≤ i ≤ N − 1. Then Fop(N)N ′N = N
′
N
F .
Proof. Let F (N) signify F
op(N)
I . Firstly we consider the case N = 2. Let
ǫ1 < ǫ2. From the definition we get
vǫ1,ǫ2(z1, z2) + q
1− z2/z1
1− q2z2/z1
vǫ2,ǫ1(z1, z2) + (z1 ↔ z2) ∈ N
′
N
F . (A2)
This implies
z2
1− z2/z1
vǫ1,ǫ2(z1, z2) +
qz2
1− q2z2/z1
vǫ2,ǫ1(z1, z2)− (z1 ↔ z2) ∈ N
′
N
F . (A3)
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From this and the equality
F (2)vǫ1,ǫ2(z1, z2) = vǫ1,ǫ2(z1, z2), (ǫ1 ≤ ǫ2),
= vǫ1,ǫ2(z1, z2)− (q − q
−1)
z2/z1
1− z2/z1
vǫ2,ǫ1(z1, z2), (ǫ1 > ǫ2),
(A4)
we can show that the case N = 2 holds. The case N > 2 follows from the fact
that N ′2 is U invariant and the equality
F (N) = F
(2)
k,k+1(1
⊗ˆk−1⊗ˆ∆opI ⊗ˆ1
⊗ˆN−k−1)F (N−1). (A5)
Hereafter we shall let ≡ denote the equality in VˆN mod NN .
Lemma A.4 The action of e0 on the U
′
c=0 module VˆN and that of E0,0 on the
Uµ module Vˆ ′N satisfy the following relations.
(1) e0vǫ1,···,ǫN (z1, · · · , zN )
≡ (−q)N−1
N∑
j=1
δǫj ,1(−1)
j−1q
−
∑
j<i≤N
δǫi,1ξj−1 j · · · ξ1j
×vǫ1,···,ǫˆj ,···,ǫN ,n+1(z1, · · · , zˆj , · · · , zN , zj/p). (A6)
(2) For ǫ1 ≤ · · · ≤ ǫN ,
ιN (E0,0vǫ1,···,ǫN (z1, · · · , zN))
≡ (−q)N−1
N∑
j=1
δǫj ,1(−q
−1)j−1q
−
∑
j<i≤N
δǫi,1
j−1∏
i=1
1− q2zj/zi
1− zj/zi
N∏
i=j+1
(
1− q2zi/zj
1− zi/zj
)δǫi,1
×vǫ1,···,ǫˆj ,···,ǫN ,n+1(z1, · · · , zˆj , · · · , zN , zj/p). (A7)
Here ˆ denotes the omission of variables.
Proof. (1) follows from the definition of Yˆ −1j [10], (5.3) and Lemma A.1.
(2) Set f(z) = q−1
1− q2z
1− z
. Set further gǫ(z) = q
1− z
1− q2z
for 1 ≤ ǫ ≤ n and
= q2
1− q−2z
1− q2z
for ǫ = n+ 1. Then thanks to (4.19) we get
E0,0uǫ1,···ǫN (z1, · · · , zN) = q
N−1
N∑
j=1
j−1∏
i=1
f(zj/zi)
N∏
i=j+1
f(zi/zj)
δǫi,1
×
N∏
i=j+1
gǫi(pzi/zj)uǫ1,···,ǫj−1,n+1,ǫj+1,···,ǫN (z1, · · · , zj/p, · · · zN),
(A8)
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for any ǫi. Since ιN is continuous, Lemmas A.2 and A.3 imply
N∏
i=j+1
gǫi(pzi/zj)ιN (uǫ1,···,ǫj−1,n+1,ǫj+1,···,ǫN (z1, · · · , zj/p, · · · zN))
≡ (−1)N−jιN (uǫ1,···,ǫˆj,···,ǫN ,n+1(z1, · · · , zˆj , · · · zN , zj/p)).
(A9)
In the case ǫ1 ≤ · · · ≤ ǫN , thanks to Lemma A.2 (2), multiplying the above
equation by
∏j−1
i=1 f(zj/zi)
∏N
i=j+1 f(zi/zj)
δǫi,1 is meaningful. Hence we obtain
the claim.
Therefore (5.10) with y = e0 follows from the following lemma with w(z1, · · · , zN) =
v1,···,1︸︷︷︸
s−1
,ǫs+1,···,ǫN ,n+1(z1, · · · zN).
Lemma A.5 Let 1 ≤ t ≤ s ≤ N and w(z1, · · · , zN) ∈ K{t,···,N}. If the coeffi-
cients of the generating series
w(z1, · · · , zi, zi+1, · · · , zN )+q
2 1− q
−2zi/zi+1
1− q2zi/zi+1
w(z1, · · · , zi+1, zi, · · · , zN), (t ≤ i ≤ s−2)
belong to NN , then the following equality holds in VˆN .
s∑
j=t
(−q)j−tξj−1 j · · · ξtjw(z1, · · · , zˆj, · · · , zN , zj/p)
≡
s∑
j=t
(−1)j−t
j−1∏
i=t
1− q2zj/zi
1− zj/zi
s∏
i=j+1
1− q2zi/zj
1− zi/zj
w(z1, · · · , zˆj , · · · , zN , zj/p).
(A10)
Proof. This can be shown by induction on s− t. Thanks to Lemma A.1, the
left hand side is rewritten as follows,
w(z1, · · · , zˆt, · · · , zN , zt/p) + (1− q
2)
s∑
j=t+1
(−q)j−t−1ξj−1 j · · · ξt+1 j
×
zj/zt
1− zj/zt
w(z1, · · · , zt−1, zj, zt+1, · · · , zˆj , · · · , zN , zt/p)
−
1∏
i>t η(zi/zt)
s∑
j=t+1
(−q)j−t−1ξj−1 j · · · ξt+1 jw¯(z1, · · · , zˆj, · · · , zN , zj/p),
(A11)
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where
w¯(z1, · · · , zN ) =
∏
i>t
η(zi/zt)× w(z1, · · · , zN) ∈ K{t+1,···,N}. (A12)
For t+ 1 ≤ i < j ≤ s, thanks to Lemma A.1 (2), we obtain,
ξij
zj/zt
1− zj/zt
w(z1, · · · , zˆt, · · · , zi−1, zj , zi, · · · , zˆj , · · · , zN , zt/p)
≡ −q−1
1− q2zi/zt
1− zi/zt
zj/zt
1− zj/zt
w(z1, · · · , zˆt, · · · , zi, zj, zi+1, · · · , zˆj , · · · , zN , zt/p).
(A13)
Since the action of ξj−1 j · · · ξi+1 j on both hand sides of the above is well defined,
we get the following equality.
ξj−1 j · · · ξij
zj/zt
1− zj/zt
w(z1, · · · , zˆt, · · · , zi−1, zj , zi, · · · , zˆj , · · · , zN , zt/p)
≡ −q−1
1− q2zi/zt
1− zi/zt
ξj−1 j · · · ξi+1 j
zj/zt
1− zj/zt
w(z1, · · · , zˆt, · · · , zi, zj , zi+1, · · · , zˆj , · · · , zN , zt/p).
(A14)
Repeating this argument, the sum of the first two terms is found to be
s∏
i=t+1
1− q2zi/zt
1− zi/zt
w(z1, · · · , zˆt, · · · , zN , zt/p).
Applying the assumption of the induction to the last sum, we obtain the claim.
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